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Linear theory leads to the standard statement: “Inflation produces

Gaussian Perturbations”.

However:

• Gravity is non-linear. Some non-Gaussianity will always be

present.

• Precision Cosmology: Non-Linearities may be observable.

• Potentially useful for further testing inflation.

A methodology for doing non-linear calculations in general inflationary

models is needed.
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Long Wavelengths

Focus on scales larger than R � c
aH (Hubble Radius)

• Approximation: Drop second order spatial gradients

ds2 = −N2(t,x)dt2 + e2α(t,x)hij(x)dxidxj

General scalar E.M. tensor:

Tµν = GAB∂µφA∂νφ
B − gµν

(
1
2
GAB∂λφA∂λφB + V

)

ΠA ≡ φ̇A

N
, H ≡ ȧ

Na

⇒ “Separate Universe Picture”
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Separate Universes

• Constraints:

H2 =
8π

3m2
pl

(
1
2
ΠBΠB + V

)

∂iH = − 4π

m2
pl

ΠB∂iφ
B

• Evolution equations:

dH

dt
= − 4π

m2
pl

NΠBΠB

DtΠA = −3NHΠA − NGABVB

In separate universe picture spatial gradients conveniently characterize

inhomogeneity

Non-linear Inflationary Perturbations on Long Wavelengths – p. 4/13



Equations of Motion

Define a non-linear variable: ζA
i = − κ√

2ε̃

(
∂iφ

A − ΠA

H ∂iα
)

,(
ε̃ ≡ κ2

2
Π2

H2

)
• The ζA

i describe the inhomogeneous spacetime completely

• The long wavelength dynamics can be expressed in terms of ζA
i

From the Einstein equations one gets:

D2

dt2
ζA
i − F (φ, Π,H)

D
dt

ζA
i + MA

B(φ, Π,H)ζB
i = 0

∂iφ
A = IA

BζB
i + ĨA∂iα, , ∂iH = JBζB

i + J̃A∂iα

∂iΠA = KA
BζB

i + LA
B ζ̇B

i + L̃A∂iα

Where IA
B = IA

B(φ, Π,H) e.t.c.
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Some properties of ζA
i

• ζA
i = ∂iζlin + . . .

• ζA
i is invariant under changes of time slicing

• ζi is exactly conserved in the single field case

Its e.o.m.

• Is exact under the long wavelength approximation

• Is formally the same as that of gauge invariant linear theory and

reproduces it to linear order

• A perturbative expansion to second order is relatively simple and

transparent

• Suggests a connection with short scales
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A useful gauge

In a perturbed inflationary universe it is natural to choose as time

variable:

t = ln aH ⇔ N =
1

H(1 − ε̃)
• All modes exit the horizon and enter the long wavelength system

simultaneously

• the equations are simplified

• connection with short scales easier
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Linear Perturbations

δqA = a
(
δφA − ˙φA

H Ψ
)

δq̂A(t,x) =∫
d3k

(2π)3/2

∑
B

[
QA

B(k)âB(k)eikx + Q∗A
B(k)â†B(k)e−ikx

]
D2

dt2
QA

B −
(

Ṅ
N − NH

)
D
dtQ

A
B +

((
Nk
a

)2
δA

C + ΩA
C

)
QC

B = 0

On long wavelengths consider:

δqA(t,x) =∫
d3k

(2π)3/2

∑
B

1√
2

(
QA

B(k)αB(k) + QA∗
B(k)αB∗(−k)

)
eikx with αA

complex random numbers: 〈αA (k) αB∗ (k′)〉 = (2π)3/2δABδ (k − k′)
〈αA (k) αB (k′)〉 = 0
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• Smooth with a window function:

W (|x − x′|/R) = 1
(2π)3/2R3 e−|x−x′|2/2R2

δq̄A(x) =
∫

d3x′δqA(x′)W
( |x−x′|

R

)
• The equation of motion for the smoothed field is:

D
dt δ̄q

A − δ̄θ
A =

∫
d3k

(2π)3/2 δqA(k)Ẇ(k)eikx + c.c.

D
dt δ̄θ

A+(...)δ̄θA+(...)A
B δ̄q

B =
∫

d3k
(2π)3/2 δθA(k)Ẇ(k)eikx+c.c.

• With δqA, δθA random fields, the equations of motion for the

long wavelength linear variables become stochastic.

• Knowledge of the linear solutions up to horizon crossing

determines the source terms on the r.h.s.

Of course, for linear theory this formulation is redundant.
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Stochastic Equations for Long Wavelengths

However, the l.h.s. with the coefficients made spatially dependent is an

exact non-linear long wavelength equation for

QA
i = −a

√
2ε̃

κ ζA
i = eα

(
∂iφ

A − ΠA

H ∂iα
)

.

Therefore we postulate:⎧⎪⎨
⎪⎩

Dtζ
A
i − θA

i = SA
i

Dtθ
A
i +

3 − 2ε̃ + 2η̃‖ − 3ε̃2 − 4ε̃η̃‖

(1 − ε̃)2
θA
i +

1
(1 − ε̃)2

ΞA
B ζB

i = J A
i

with

SA
i ≡ −κ

2a
√

ε̃

∫
d3k

(2π)3/2
Ẇ(k) QA

lin B(k)αB(k) iki eikx + c.c.

J A
i ≡ −κ

2a
√

ε̃

∫
d3k

(2π)3/2
Ẇ(k)

[DtQ
A
lin B(k), QA

lin B

]
αB(k) iki eikx+c.c.
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We have defined:

ε̃(t,x) ≡ κ2

2
Π2

H2
, η̃A(t,x) ≡ −3HΠA + GAB∂BV

HΠ
, η̃‖ ≡ ΠA

Π
η̃A

and ΞA
B depends on two more "slow roll" parameters:

(
η̃⊥

)2
(t,x) ≡ V AVA − (ΠA

Π VA)2

H2Π2
, ξ̃‖(t,x) ≡ 3ε̃−3η̃‖−

ΠA

Π
ΠB

Π VAB

H2
.

Initial conditions:

lim
t→−∞ ζA

i = 0 , lim
t→−∞ θA

i = 0
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Constraints

∂iα = −∂i(lnH) = − ε̃

1 − ε̃

ΠB

Π
ζB
i ,

∂iφ
A = −

√
2ε̃

κ

(
δA
B − ε̃

1 − ε̃

ΠA

Π
ΠB

Π

)
ζB
i ,

DiΠA = −
√

2ε̃

κ
H

[
(1 − ε̃) θA

i +

((
ε̃ + η̃‖

)
δA
B

−ε̃
ΠA

Π
ΠB

Π
+

ε̃

1 − ε̃
η̃A ΠB

Π

)
ζB
i

]
.

The system of equations closes and is self consistent.
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Conclusions

A stochastic framework:

• Non-linear evolution for gauge invariant variables

• Valid for multi-field inflationary models

• Includes metric perturbations

• No slow-roll assumption required

• Allows for a relatively simple investigation of non-Gaussianity

during inflation ⇒ analytic, semi-analytic approach & numerical

simulations

See Bartjan’s talk for some interesting results...!
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