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B-I cosmo Faro, U.Algarve- 06/2004 The theory

... and framework:

B-I
Electrodynamics

(1934)

Energy: point particles

XXIth century
M-string theory

Open strings
and

D-branes

Cosmologies:
U(1) - Bianchi-I
SU(2) - FRW

p = −ρ/3 (strong)
and

p = ρ/3 (weak)

∫
string DOF

:

Dirac
Born-Infeld

Non-Abelian: not unique
(i) Symmetrized trace

(ii) Trace
√

over indices

Investigate:

gravity perspective
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... and Mise en Scene

B-I C
String/Brane

effects

Important or not?

Planck regime:
large fluctuations

Coupling ↑
String DOF ↓
Brane DOF ↑

α-varying
and

other riddles

Quintessence
and

Extra dimensions

Rubakov problem:
Ψ → +∞

particle production

Investigate:
Closed FRW
Cosmologies

(Very!) Early Universe

(Quantum) Cosmology
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Action:

S =

∫
(R − 2Λ)

16πG

√
(−g)d4x −

∫
β2 (ℜ− 1)

4π

√
(−g)d4x,

ℜ =

[
1 − 1

2β2
F a

µνF aµν +
1

16β4

(
F̃ a

µνF aµν
)2

]1/2

.
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Action:

S =

∫
(R − 2Λ)

16πG

√
(−g)d4x −

∫
β2 (ℜ− 1)

4π

√
(−g)d4x,

ℜ =

[
1 − 1

2β2
F a

µνF aµν +
1

16β4

(
F̃ a

µνF aµν
)2

]1/2

.

Closed FRW metric

→֒ SO(4): group of spatial homogeneity and isotropy.

g = −N2dt2 + a2(t)
∑

b=1,2,3

ωb ⊗ ωb,
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Class of gauge fields ← homogeneity/isotropy.

→֒ SO(4)-invariance: too restrictive.

→֒ ... transform under SO(4) transformations if compensated by gauge!

• Useful class: SO(4)−symmetric fields

Aµ(t) =
∑

1≤k<i≤N−3

Λki(t)T
(3)
k+3,i+3dt +

1

4
(1 + f0(t))εacbT

(3)
ab ωc,
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→֒ SO(4)-invariance: too restrictive.

→֒ ... transform under SO(4) transformations if compensated by gauge!

• Useful class: SO(4)−symmetric fields

Aµ(t) =
∑

1≤k<i≤N−3

Λki(t)T
(3)
k+3,i+3dt +

1

4
(1 + f0(t))εacbT

(3)
ab ωc,

Reduced Lagrangian:

L =
1

4πGβ

[
−3

2

ȧa2

N
+

3

8
aN − Na3 Λ

2

]
− gNa3

4πGβ




√

1 − 3ḟ2
0

2a2N2
− 1


 ,

→֒ Vgauge field ≃ 0; ḟ0(t) 6= 0; g ≡ Gβ.
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Friedmann equation:

3

2
ȧ2 +

3

8
− 1

2
Λa2 − ga2


 1√

1 − 3ḟ2

0

2a2N2

− 1


 = 0
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Friedmann equation:

3

2
ȧ2 +

3

8
− 1

2
Λa2 − ga2


 1√

1 − 3ḟ2

0

2a2N2

− 1


 = 0

Hamiltonian constraint

π2
a +

9

4
a2 − 3Λa4 − 6ga4

(√
1 +

2

3g2

1

a4
π2

f0
− 1

)
= 0.
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First , consider large a, π2
f0

= C , small ḟ0 small

2

3g2

1

a4
π2

f0
≪ 1.

→֒ Wheeler-DeWitt equation
[
− ∂2

∂a2
+

9

4
a2 − 3Λa4 +

2

g

∂2

∂f2
0

+
1

3g3a4

∂4

∂f4
0

+ · · ·
]

Ψ = 0.

→֒ Ansatz: Ψ(a, f0) = Q(a)e±kf0
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First , consider large a, π2
f0

= C , small ḟ0 small

2

3g2

1

a4
π2

f0
≪ 1.

→֒ Wheeler-DeWitt equation
[
− ∂2

∂a2
+

9

4
a2 − 3Λa4 +

2

g

∂2

∂f2
0

+
1

3g3a4

∂4

∂f4
0

+ · · ·
]

Ψ = 0.

→֒ Ansatz: Ψ(a, f0) = Q(a)e±kf0

String/brane corrections: Solutions → Bessel functions

Q =
√

aZ 1

δ

(
2
√

D

δ
a

δ

2

)
, δ = −2,−6,−10

→֒ Interpretation: Σ perfect fluids ← γ = 5/3, γ = 3, γ = 13/3.
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Second , investigate case of κ2 large, a4 small.

→֒ k2 < 0, i.e., −k2 ≡ κ2 > 0, ik = κ.

→֒ Assume 2
3g2

1
a4 k2 dominates

• Hamiltonian constraint:

π2
a + a2

(
9

4
∓ 2

√
6 |κ|

)
− a4 (3Λ − 6g) + · · · ≃ 0,

→֒ ∓2
√

6a2 |κ| and 6ga4 ← BI string gas contributions
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→֒ k2 < 0, i.e., −k2 ≡ κ2 > 0, ik = κ.

→֒ Assume 2
3g2

1
a4 k2 dominates

• Hamiltonian constraint:

π2
a + a2

(
9

4
∓ 2

√
6 |κ|

)
− a4 (3Λ − 6g) + · · · ≃ 0,

→֒ ∓2
√

6a2 |κ| and 6ga4 ← BI string gas contributions

Quantum solutions ← Wheeler-DeWitt equation

→֒ Hartle-Hawking state → QHH ∼ Ai[z(a)]

→֒ Vilenkin state → QV ∼ C1Ai[z(a)] + C2iBi[z(a)]
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... Calculations ! → Physical Consequences !? ...

• Effective Friedmann equation

ȧ2 +

(
1

4
− b̂

)
−

(
Λ

3
− ĉ

)
a2 ≡ ȧ2 + f − ga2 = 0.

→֒ Solution: DeSitter-like universe a =
√

f
g cosh

√
gt
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• Effective Friedmann equation

ȧ2 +

(
1

4
− b̂

)
−

(
Λ

3
− ĉ

)
a2 ≡ ȧ2 + f − ga2 = 0.

→֒ Solution: DeSitter-like universe a =
√

f
g cosh

√
gt

Wheeler-DeWitt equation (R0 ≡
√

Λ
3 )

∂2Q

∂a2
− 9

4
R2

0

[
a2R−2

0 f̃ − a4R−4
0 g̃

]
Q = 0,

→֒ Potential V (a) = 9
4R2

0

[
a2R−2

0 f̃ − a4R−4
0 g̃

]

• Turning points: a1 = 0; a2 =
√

f̃
g̃

√
3
Λ .

→֒ Shorter distance between the turning points ↔ πf0
increases
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Potential extremum at a0 = 1√
2

√
f̃
g̃ R0 ⇒ V (a0) = f̃2

4g̃ ,

⋆ Similar effect: Friedmann eq. – original action (wo/ approximations)

ȧ2 + 1 − a2

(
Λ

3
+ D

)
− D

√
a4 + 16dπ2

f0
= 0,
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Potential extremum at a0 = 1√
2

√
f̃
g̃ R0 ⇒ V (a0) = f̃2

4g̃ ,

⋆ Similar effect: Friedmann eq. – original action (wo/ approximations)

ȧ2 + 1 − a2

(
Λ

3
+ D

)
− D

√
a4 + 16dπ2

f0
= 0,

Probability of tunneling: ”increased”...!...?

→֒ Γ ≃ e−SE , SE = − 2Λ
16πGV4: Euclidean action

→֒ V4: Volume of the 4-sphere ← a ∼
√

f̃
g̃

√
3
Λ .

• Smaller Euclidean action ↔ 6= no Born-Infeld matter sector.
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Wormholes: non-singular solutions ↔ Euclidean equations

→֒ Only some types of geometry/matter

→֒ Ricci (Rµν ) eigenvalues: negative

→֒ Connect two asymptotically flat regions

→֒ Transition: rmin ↔ S3 ←→ rmax ↔ S3

→֒ Coleman mechanism: Λ → 0 & ”fix” others ...

Paulo Vargas Moniz (UBI-CENTRA/IST) –29–



B-I cosmo Faro, U.Algarve- 06/2004 Physical Context

Wormholes: non-singular solutions ↔ Euclidean equations

→֒ Only some types of geometry/matter

→֒ Ricci (Rµν ) eigenvalues: negative

→֒ Connect two asymptotically flat regions

→֒ Transition: rmin ↔ S3 ←→ rmax ↔ S3

→֒ Coleman mechanism: Λ → 0 & ”fix” others ...

Action (← Euclidean)

S = − 1

4π

[∫
(R − 2Λ)

4G

√
(−g)d4x − β2 (ℜ− 1)

]

ℜ =

[
1 +

1

2β2
F a

µνF aµν − 1

16β4

(
F̃ a

µνF aµν
)2

]1/2

.

→֒ Metric and fields: t → τ

Paulo Vargas Moniz (UBI-CENTRA/IST) –29-a–
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Lagrangian:

L =
1

4πGe

[
−3

2

ȧa2

N
− 3

8
aN + Na3 Λ

2
+ gNa3 (ℜ− 1)

]
,

→֒ g ≡ Gβ, t → β−1/2t, a → β−1/2a.

ℜ =

[
1 +

3ḟ2
0

2a2N2
+

3V1

a4
+

9ḟ2
0 V1

2a6N2

]1/2

=
[(

1 + K2
) (

1 + V 2
)]1/2

,
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Lagrangian:

L =
1

4πGe

[
−3

2

ȧa2

N
− 3

8
aN + Na3 Λ

2
+ gNa3 (ℜ− 1)

]
,

→֒ g ≡ Gβ, t → β−1/2t, a → β−1/2a.

ℜ =

[
1 +

3ḟ2
0

2a2N2
+

3V1

a4
+

9ḟ2
0 V1

2a6N2

]1/2

=
[(

1 + K2
) (

1 + V 2
)]1/2

,

K2 ≡ 3ḟ2
0

2a2N2
, V 2 =

3V1

a4
, V1 = Vgauge field =

1

8
(1 − f2

0 )2.
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Equations of motion:

→֒ Friedmann equation

ȧ2

a2
− 1

4a2
+

Λ

3
= −βG

2

3
(P − 1) ≡ −8πG

3
ε, ε = εc (P − 1) , εc =

β

4π
.
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Equations of motion:

→֒ Friedmann equation

ȧ2

a2
− 1

4a2
+

Λ

3
= −βG

2

3
(P − 1) ≡ −8πG

3
ε, ε = εc (P − 1) , εc =

β

4π
.

Einstein equation

ä

a
= −Λ

3
+

4πG

3
ε− g

3

(
ε

εc
+ 1

)
− 2g

3

(
ε

εc + ε

)
+ g = −Λ

3
+

4πG

3
(ε+3P ),
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Analysis : Interpolating regimes

ȧ2 − 1

4
+

Λ

3
a2 = −8πG

3





C ← string effects

C
a2 ← Y M − Radiation

.
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Analysis : Interpolating regimes

ȧ2 − 1

4
+

Λ

3
a2 = −8πG

3





C ← string effects

C
a2 ← Y M − Radiation

.

Wormhole ... possible in YM-radiation limit

→֒ Wormhole ... NOT possible in the string/brane limit

→֒ Investigate: BI perturbations in wormhole scenario

• Wormhole solutions and BI modifications

→֒ Analytical (approximated ...)

τ − τ0 = ±1

2

1√
H


arcsin

2 H
1

4
−F

a2 − 1
√

1 − 4 H
1

4
−F

E
1

4
−F


 .

Paulo Vargas Moniz (UBI-CENTRA/IST) –32-a–



B-I cosmo Faro, U.Algarve- 06/2004 Physical Context

-1.5 -1 -0.5 0.5 1 1.5
a

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1

b

Paulo Vargas Moniz (UBI-CENTRA/IST) –33–



B-I cosmo Faro, U.Algarve- 06/2004 Physical Context

Integral trajectories (curves)

3

(
b2 +

Λ

3
− 1

)2

− 4ga2

(
b2 +

Λ

3
− 1

)
= C.
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Integral trajectories (curves)

3

(
b2 +

Λ

3
− 1

)2

− 4ga2

(
b2 +

Λ

3
− 1

)
= C.

Physical consequences (BI modifications):

→֒ Widening/Shortening between turning points

→֒ Energy level quantization modified

→֒ Gauge field vacuum ↔ source: fermionic current

Paulo Vargas Moniz (UBI-CENTRA/IST) –34-a–



B-I cosmo Faro, U.Algarve- 06/2004 Physical Context
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Quintessence & Extra Dimensions:

∗ Recent measurements

→֒ Expanding universe → currently accelerating ↔ q0 ≡ − äa
ȧ2 < 0

→֒ SN-type Ia, CMBR peaks, mass spectrum
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Quintessence & Extra Dimensions:

∗ Recent measurements

→֒ Expanding universe → currently accelerating ↔ q0 ≡ − äa
ȧ2 < 0

→֒ SN-type Ia, CMBR peaks, mass spectrum

... ”and the nominees are”

→֒ 〈0〉 ↔ Λeff

→֒ Dynamical energy (quintessence) ↔ φ

→֒ V (φ) ← shallow potential (e.g., exponential)

→֒ ... damped until recently by expansion

→֒ Non-minimal coupling, ... , ..., ...

Paulo Vargas Moniz (UBI-CENTRA/IST) –36-a–
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Explore :

• gauge fields (BI) & extra dimension ←MD = M4 × Id

S[ĝµ̂ν̂ , Âµ̂] = −
∫

MD

dx̂
√

−ĝ

[
R̂ − 2Λ̂

16πk̂
+

β̂2

4π

(
ℜ̂ − 1

)]
,
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Explore :

• gauge fields (BI) & extra dimension ←MD = M4 × Id

S[ĝµ̂ν̂ , Âµ̂] = −
∫

MD

dx̂
√

−ĝ

[
R̂ − 2Λ̂

16πk̂
+

β̂2

4π

(
ℜ̂ − 1

)]
,

Metric :

ĝ = −Ñ2(t)dt2 + ã2(t)Σ3
i=1ω

iωi + b2(t)Σd+3
m=4ω

mωm ,
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Gauge field:

Â =
1

2
ΣN−3−d

p,q=1 Bpq(t)T (N)
3+d+p 3+d+q

dt +
1

2
Σ1≤i<j≤3T (N)

ij ωij +
1

2
Σ4≤m<n≤3T (N)

mn ω̃m−

+ Σ3
i=1

[
1

4
f0(t)Σ3

j,k=1ǫjikT (N)
jk

+
1

2
ΣN−3−d

p=1 fp(t)T (N)
i d+3+p

]
ωi + Σd+3

m=4

[
1

2
ΣN−3−d

q=1
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Gauge field:

Â =
1

2
ΣN−3−d

p,q=1 Bpq(t)T (N)
3+d+p 3+d+q

dt +
1

2
Σ1≤i<j≤3T (N)

ij ωij +
1

2
Σ4≤m<n≤3T (N)

mn ω̃m−

+ Σ3
i=1

[
1

4
f0(t)Σ3

j,k=1ǫjikT (N)
jk

+
1

2
ΣN−3−d

p=1 fp(t)T (N)
i d+3+p

]
ωi + Σd+3

m=4

[
1

2
ΣN−3−d

q=1

Effective action:

Seff = −16π2

∫
dtNa3

{
− 3

8πk

1

a2

[
ȧ

N

]2

+
3

32πk

1

a2
+

1

2

[
ψ̇

N

]2

− Ω

}
,

Ω(a, ψ) =
1

4π
vdbd

0edψγ β̂2e−2dγψ

([
1 + e2dγψ 3

β̂2ǫ̂2a4
v1 + e−4γψ 4

b40

d(d − 1)

8ǫ̂2β̂2
v2

]1/2

−

+ e−dγψ

[
−e−2γψ 1

16πk

d(d − 1)

4

1

b20
+

Λ

8πk

]
,

→֒ k = k̂/vdbd
0 ǫ2 = ǫ̂2/vdbd

0 , γ =
√

16πk/d(d + 2), ψ = γ−1 ln(b/b0), Λ = vdbd
0Λ̂.
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Equations of motion & Analysis :

→֒ Friedmann equation

(
ȧ

a

)2

= − 1

4a2
+

8πk

3

(
ψ̇2

2
+ Ω(a, ψ) + ρ

)
,
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Equations of motion & Analysis :

→֒ Friedmann equation

(
ȧ

a

)2

= − 1

4a2
+

8πk

3

(
ψ̇2

2
+ Ω(a, ψ) + ρ

)
,

Raychaudhuri equation

ä = −8πk

3
aψ̇2 − 4πk

3
a

(
ρ0a

3
0

a3

)
+

8πk

3
aΩ +

4πk

3
a2 ∂Ω

∂a
.

→֒ Deceleration parameter

q =
8πk
3 a2ψ̇2 + 4πk

3
ρ0a3

0

a3 − 8πk
3 a2Ω

− 1
4 + 8πk

3 a2ψ̇2 + 8πk
3

ρ0a3

0

a3 + 8πk
3 a2Ω
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Case 1: e−4γψ 4
b4
0

d(d−1)

8ǫ̂2β̂2
v2 ≫ 1,

→֒ Internal dimensions small, BI effects dominate
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Case 1: e−4γψ 4
b4
0

d(d−1)

8ǫ̂2β̂2
v2 ≫ 1,

→֒ Internal dimensions small, BI effects dominate

Cosmological potential

Ω(a, ψ) ≃ 1

4π

ǫ̂

β̂
e−dψγe−2γψ 1

b2
0

√
d(d − 1)√

2ǫ2
√

v2

− e−dγψ

[
e−2γψ 1

16πk

d(d − 1)

4

1

b2
0

− Λ

8πk

]
.
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Compactification exists ↔ ψext ≃ 0 with

Λ =
8πk(d + 2)

b2
0

(
d(d − 1)

8
−

√
2

ǫ̂

β̂

√
d(d − 1)

ǫ2
√

v2

)

→֒ Local maximum ↔ unstable ← Transient effect ... !? ...
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Compactification exists ↔ ψext ≃ 0 with

Λ =
8πk(d + 2)

b2
0

(
d(d − 1)

8
−

√
2

ǫ̂

β̂

√
d(d − 1)

ǫ2
√

v2

)

→֒ Local maximum ↔ unstable ← Transient effect ... !? ...

Admiting negative values ... fine tuning

q0 ≃
Ωm

0
H2

0
a2

0

2 − a2
0

Λ
3

(
d−1
d+2

)

− 1
4 + Ωm

0 H2
0a2

0 + a2
0

Λ
3

(
d−1
d+2

) ,
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Case 2: e−4γψ 4
b4
0

d(d−1)

8ǫ̂2β̂2
v2 ≪ 1,

→֒ Internal dimensions large, BI effects ← perturbations
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Case 2: e−4γψ 4
b4
0

d(d−1)

8ǫ̂2β̂2
v2 ≪ 1,

→֒ Internal dimensions large, BI effects ← perturbations

Cosmological potential

Ω ≃ e−dγψ
[
Ae−4γψ + Be−8γψ − Ce−2γψ + D

]
,

→֒ A = 1
16π

1
b4
0

d(d−1)

ǫ̂2β̂2
v2, B = 1

4π
1
32

1
b8
0

d2(d−1)2

ǫ̂2β̂2

v2

2

ε2 , C = 1
16πk

d(d−1)
4

1
b2
0

,

D = Λ
8πk .
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Compactification exists ↔ ψext ≃ 0 with

Λ <
d − 1

16k

(d + 2)2

d + 4

ǫ2v2

64

1

ξ2
, Λ ≃ d(d − 1)

16b2
0

(1 + δ)

ξ
,
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Compactification exists ↔ ψext ≃ 0 with

Λ <
d − 1

16k

(d + 2)2

d + 4

ǫ2v2

64

1

ξ2
, Λ ≃ d(d − 1)

16b2
0

(1 + δ)

ξ
,

Admiting negative values ... fine tuning

q0 ≃
Ωm

0
H2

0
a2

0

2 − a2

0

b2
0

d(d−1)
48

δ
ξ

− 1
4 + Ωm

0 H2
0a2

0 +
a2

0

b2
0

d(d−1)
48

δ
ξ

.

→֒ Admiting negative values ... fine tuning

Paulo Vargas Moniz (UBI-CENTRA/IST) –44-a–



B-I cosmo Faro, U.Algarve- 06/2004 Physical Context

α-varying BI cosmology

• Recent observations – QSO→ α change in cosmological time

∗ ... BI framework ← ”early” string/brane inprints (?...)

L =
√

−g

[
1

16πG
(R − 2Λ) + LM − ω

2
∂µψ∂µψ + LMaxe−2ψ +

1

β2
L2

Maxe−4ψ
]

LBI = −1

2
β2

(
1 −

√
1 − 1

β2
F 2

)
→ LMax(β → ∞)

( e0 → e = e0ε(x) ⇀↽ Aµ → εAµ ↔ εAµ + χ,µ, Fµν = 1
ε

[
(εAν),µ − (εAµ),ν

]
)
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α-varying BI cosmology

• Recent observations – QSO→ α change in cosmological time

∗ ... BI framework ← ”early” string/brane inprints (?...)

L =
√

−g

[
1

16πG
(R − 2Λ) + LM − ω

2
∂µψ∂µψ + LMaxe−2ψ +

1

β2
L2

Maxe−4ψ
]

LBI = −1

2
β2

(
1 −

√
1 − 1

β2
F 2

)
→ LMax(β → ∞)

( e0 → e = e0ε(x) ⇀↽ Aµ → εAµ ↔ εAµ + χ,µ, Fµν = 1
ε

[
(εAν),µ − (εAµ),ν

]
)

FRW:

L = − 3π

4G

(
ȧ2a

N
− Nka

)
+ 2π2a3ε

ψ̇2

2N
− 2π2a3N

Λ

8πG
− 2π2a3Nρ0a

3(1+γ)
0 a−3(1+γ)

−2π2a3Nρ0ra4
0a−4e−2ψ − 2π2a3Nρ0mξa3

0a−3e−2ψ

− 1

β2
2π2a3Nρ2

re−4ψ − 1

β2
2π2a3Nξ2ρ2

me−4ψ − 1

β2
4π2a3Nξρrρme−4ψ
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Equations of motion: Dilaton

ψ̈ + 3Hψ̇ ≃ 2

ω
ξρme−2ψ +

1

β2

4

ω
ξ2ρ2

me−4ψ
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Equations of motion: Dilaton

ψ̈ + 3Hψ̇ ≃ 2

ω
ξρme−2ψ +

1

β2

4

ω
ξ2ρ2

me−4ψ

Equations of motion: Friedmann and Einstein

(
ȧ

a

)2

= − k

a2
+

Λ

3
+

8πG

3

[
ω

ψ̇2

2
+ ρm + ρre

−2ψ + ξρme−2ψ +
1

β2
ξ2ρ2

me−4ψ

]

2
ä

a
+

(
ȧ

a

)2

= − k

a2
+ Λ − 8πG

[
ω

ψ̇2

2
+

ρr

3
e−2ψ +

1

β2
ξ2ρ2

me−4ψ

]

ρT = ω
ψ̇2

2
+ ρm + ρre−2ψ + ξρme−2ψ +

1

β2
ξ2ρ2

me−4ψ

PT = ω
ψ̇2

2
+

ρr

3
e−2ψ +

1

β2
ξ2ρ2

me−4ψ
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... and foraging ahead:

B-I: Is it ...
XXIth century

String

M-theory

Phenomenology
Standard Model

Modification
of

solutions spectrum

BI - next3:
R ⊕ R2

F ⊕ F 2

BI-next2:
Regularization?

(Rubakov problem)

Extra dimensions:
(i) Quintessence

(ii) Transient effect

BI-“next”:
(i) α−varying

(ii) GWS/QCD coupling?

BI-next1:

SUSY (BPS) extensions
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