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WAP: Anguler cerrelation function

Intriguing: Lack of power at large angular scales (€ = 60°)

----- COBE/DMR
— WMAP
1000
o Can imply more
= =0 than just the
g | suppression of
: power in the low
oL multipoles !
T —

0 50 100 150
Anqular Separation (den)

NASA/WMAP science team



Asymmetries in the CMB anisotrop

N-S asymmetry
Eriksen, et al. 2004, Hansen et al. 2004 (in local power)

' WMAP first

Larson & Wandelt 2004, Park 2004 (genus stat.) year data
Special directions @ o

Tegmark et al. 2004 (/=2,3 aligned)

Copi etal. 2004 (multipole vectors) Bianehi

(b}

Land & Magueijo 2004 (cubic anomalies) wp  template
Prunet et al., 2004 (mode coupling) v S

Underlying ‘template’ pattern i
Jaffe et al. 2005 (Bianchi Vilih:mild cosmic rotation?)

Broadly, statistical properties
are not invariant under rotations

lLe., Breakdown of

.

Statistical isotropy ? Lonnvs

asymmetry

Fig: H. K. Eriksen,. et al. 2003



Statistics of CMB

AT( ﬁ) smooth random function on a sphere (sky map).

General random CMB anisotropy: described by a

Probability Distribution Functional P[ AT( ﬁ)]
— Mean: < AT >=0

— Covariance
(2-point correlation)

e Gaussian Random CMB anisotropy

Completely specified by the covariance matrix ..

— N-point correlation < ATZAT]AT N



Statistics of CMB

CMB anisotropy completely specified by the
angular power spectrum (
[

1.€.,
Correlation 1s

invariant under

rotations

Only if

i W 1 ML
C(nnnz)zc(”l'nz):EZ(zl‘l'l)CzB(rﬁ'nz)
z

Statistically iSOtl‘Opi_C Gaussian random CMB anisotropy




Statistics of CMB

Possibilities:
» Statistically Isotropic, Gaussian models

« Statistically Isotropic, non-Gaussian models

* Statistically An-1sotropic, Gaussian models ‘

o Statistically An-1sotropic, non-Gaussian models

C(my,n,) = C(ny o 1y)




Iso-contours of correlation around a ot /() = C(#,2)

Radical breakdown of SI

disjoint iso-contours
multiple imaging

Mild breakdown of SI

Distorted iso-contours

Statistically isotropic (SI)

Circular iso-contours

NGP SGP

TOTT =100

a5

a1

TOTT C=10.5

TOH (=05

140 degrees

140 degrees

(Bond, Pogosyan & Souradeep 1998, 2002)

(AT/TY «10F



Statistics of CMB

CMB Anisotropy Sky map => Spherical Harmonic decomposition

LATO,9)=) > a,Y,(0,9)

[=2 m=—1

Gaussian CMB anisotropy completely specified by the
angular power spectrum It

Statistical <az a; > C 5,0, .
isotropy c

(=> Correlation function C(n,n’) is rotationally invariant)
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SI violation : <alm Qi > £ 050

SCH: m004(-5,1) [ Qg = 0.900]

Mild
breakdown

*
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SI violation: (a, a; .)#C, 0,0, .

SCH: m004(-5,1) [ Qg = 0.300]
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SI violation, or ... Correlation patterns
RN Leautiful Correlation patterns “'ﬁ‘
1o "‘a' )

! '-;.‘é' . o could underlie the CMB tapestry

“‘-{‘

Figs. J. Lev

Can we measure correlation paﬁerns’

the COSMIC CATCH is

there 15 only one GAB sky




Measuring the SI correlation

Statistical isotropy
C(f) can be well estimated
| by averaging over the temperature

| product between all pixel pairs
| separated by an angle 6.

. C(O) =Y AT(m)AT(n,)5(n, - 7, ~c0s8)

1, R1,)




Measuring the non-SI correlation

In the absence of statistical isotropy
Estimate of the correlation function from
a sky map given by a single temperature

DO Cid,n,) = AT (n)AL(7;)
is poorly determined!!
(unless it is a KNOWN pattern)

‘Matched circles statistics (cCornish, Starkman, Spergel '98)
-Anticorrelated ISW circle centers (Bond, Pogosyan,Ts '98,'02)

- Planar r'eflecfive symmefr'ies (de OliveiraCosta, Smoot Starobinsky ‘96)



Known correlation 2 Full Bayesian Analysis

Compact universes

COBE data :Bond, Pogosyan & TS 1998, 2002
WMAP data : Phillips & Kogut 2004, Pogosyan et al. 04

Given data {A ];d } , and an estimate of the Noise matrix

Probability of any model M : C({p;})

Pl a7 f|oc PlaT M| :Bayes Thm.

281 1 exXp— %ZA]}“’ CI.J_.1 ATjd
ij

J2m)" det(C)




Bipolar Power spectrum (BiPS) :

A Generic Measure of Statistical Anisotropy

Bipolar multipole index

S din ] aQ,

2

Recall: C(n, on,) =

1

87r°

[aRr C(RA,RA,)

A weighted am

14
correlation function overall | ' (%)= > D, (R)
rotations t

ELD

C(RA,, RA,)

12

Characteristic Wigner

function

rotation
matrix




PS ° g O
Statistical Isotropy (= K = K 5@@

Correlation 1s invariant
under rotations

— C(Rn, Rn,) = C(n, n,)

1

87z2

v ) [a0, dQ, C (A, i)l [ ARy (R

[ [any ) =5, J




B1PS: In Harmonic Space

» Correlation 1s a two point function on a sphere

L — ~ BiPoSH
C(nl > n2) = Z Al1lz {Yl1 (nl) 3 le (nz)}LM Bipolar spherical

L1, LM

harmonics.

), (1) ®Y, (71,)5 1y
¥E Z Clllzmlmz Limy (nl) lm, (712)

e Inverse-transform A
Clebsch-Gordan

v = [dQ, [d, C(7,1,) Y, (7) ®Y, (7).

| Linear combination of
— Z<allm1alz%> CtM off-diagonal elements

hmylony
myn,




Recall: Coupling of angular momentum states
(mbymy [ EM) |l — (| <L, <L 46, m+m,+M =0

BiPoSH M _ Z 0 ™M
4 hi, Lmy =L, M +m, Lmyly M+my
coefficients :

- Complete, Independent linear combinations of off-diagonal correlations.

m

* Encompasses other specific measures of off-diagonal terms, such as
_ ‘M ‘M
- Durrer eD = <almal+2 m> Z A Cl+2 ml m
= () — (M ~IM
Prunet et al. ‘04 D! <almal+l m+l> Z AMcC

[+1 m+il m

M

Z ‘ lllZ

M I I,

B1PS:

rotationally invariant

20




SI violation: (a, a; .)#C, 0,0, .

SCH: m004(-5,1) [ Qg = 0.300]
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Understandmg BIPOSH
coefficients

<alm alm>§tC 511'5 ol -

; “SI Vlolatlon |

100

SCH: m004(-5,1) [ = 0.300]
g0
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20
0.38
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- I 60
| M o
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mm

Measure cross correlation in g,

20
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Spherical Bipolar spherical

harmonics harmonics
M
a,. A,
Spherical Harmonic | BIPoSH coefficents
coefticents
4
€ K
Angular power BiPS

spectrum




Spherical Bipolar spherical

harmonics harmonics

M

a,, A,
Spherical Harmonic BipoSH
Transforms Transforms
14
C, K
Angular power BiPS

spectrum




Measure of Statistical Isotropy

M M
Allv = Z almalvmv C
mm'

Iml'm'

\ SH
transform

. of the map
_ M
K, = Z‘Azzv —Bg \
In'M y 0 bias
Stat.isotropy —> K = K 0

* Averaging over | ,I'& M beats down Cosmic variance .

» Fast: Advantage of fast SH transform.
(1 min. Zalpha 1.25 GHz proc.: ‘Healpix 512, -BiPS ‘upto 20 )

- Orientation independent.



Cosmic Bias

B, =(k,)—(x,)

» Analytically calculate multi-D integrals over
< AT()AT(R,)AT(1)AT(#,) >
— Gaussian statistics => express as products of covariance.
For SI correlation

B,=2(+1)) > C,C.(1+(-1)'6,,)

2L

"True" Cl

(A. Hajian and Souradeep, ApJ Lett. 2003)




Cosmic Variance
(Ax,)? _< 2> <’?e>2

 Analytically calculate multi-D integrals over
< AT (n))AT (n,)) AT (n,)AT (1, ) AT (n ) AT (n )AT (n, ) AT (1) >

—'(Gaussian statistics => express as products of covariance.

Tedious exercise: 105 terms, 96 connected terms.

2 2

var(e,) = Y O EED a1y @ery+a@e+ Y 2 +15-1) T EEED o

20 +1 n i 2L +1

2 d : ,
+8 Z ( g C C C +4(2+( 1) )Z C4 Z ZCImelll =ity lfnﬂillm4 lf’]:?/[zllm4 lfjilmlll_m3
il 0 M .M "m;=—1,
+4 Zci Z Z Z h=mly=m, 11m312m4cl?”{4'11m1 li]\_l’;lzll_m3
M M my my=—1, my,my=—1,

“True” underlying theory

(A. Hajian and Souradeep, ApJ Lett. 2003)




Bias corrected BiPS measurement

(A. Hajian and Souradeep, ApJ Lett. 2003)

100 .

50 S| o

i, (10uK)*
=
|
|\J
|
|
|
|\J
|
T
P
i
T
v
u»—é—b
]
‘.: : :l
:I:
|
%4
: :

i S i
50 B -

100 x -

{

Bias
B, =(k,)—(x,)

Cosmic
Variance

‘(AK£)2 _ <;z;>—(i5£>2‘

Alcgocl
14

Analytic estimate for bias and cosmic variance match numerical
measurements on simulated statistically isotropic maps !



Testing Statistical Isotropy of WMAP

(for WMAP best fit model)
(Hajian, TS, Cornish, ApJLett in press)

'-“Ef & f "
=200pK I 0k -0,593487 I +0,530173
Foreground cleaned map ILC
NASA/WMAP science team

(Tegmark et al. 2003)

Circles search (Cornish, Starkman, Spergel, Komatsu 2004)



Angular power spectra of the maps

i(i+1/(21)C; [uk]”

(compared to the WMAP best fit model)

3000

» "Tegmark’ Foreground cleaned map

2500 [

2000 |-

1500

1000

500 |- ;" - WMAP best fit curve -

» Average of 1000 realizations

o ; | | | |
0 20 40 60 80 100




Target specific /-space with different windows

*Maps can be filtered by isotropic window to retain power on certain

angular scales
i ; alm — VVI alm




Bias corrected BiPS measurement

I(A. IHaljialn and Solurclldelep,lAle Lett. 2I003|):
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Analytic estimate for bias and cosmic variance match numerical
measurements on simulated statistically isotropic maps !



Bias corrected BiPS measurement

ke, (101K)*

5-

'(A. Hajian and Souradeep, astro-ph/0501001)" |

=
|
k=
I~
&
o
|
by

IEY SRS 5 SN QUL (3 MBS SRR | Y. N | NS SO 1)
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_,-“'----zs".
i K -----11’1"'.
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Bias
B, =(k,)~(x,)

Cosmic
Variance
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1

oC —

14

AK,

Analytic estimate for bias and cosmic variance match numerical
measurements on simulated statistically isotropic maps !



Testing Statistical Isotropy of WMAP

*Cosmic variance >> Noise

- Tegmark's map| is

0.1
‘foreground’ free
n.2 |
] ls=4 la=d1)
I:II — Ell:l — 4I|:I — Ell:l — Ell:l — ll:lll:l —




g, (1K > w5, (10>

i, (10pK)*

100 Fr———————
FoeqogoT
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200 e e

100 £

T I S B
2 -
100 E I I
200 "

100 £

-100
-200

Statistically isotropic! -

Spergel
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0
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20

e
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E | ey s s gy L5
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| e 0 ¢ 'y 9 g F 8 g g oo L3
0 5 10 15 20

{

(assuming WMAP best fit model)



P(x,)

P(x,)

P(x,)

P(x,)

P(x,)

Probability Di

I T T T
\ I=15+5

.|.|._H'_'T.||ﬂ'%---_-+__._4_.||.
-4 2 0 2 4
("'c.!_"cmean)/g

1 I I I 1 I 1
- |=15+4
| R T T L =S N |
-4 2 0 2 4
(",“':d_"“':mean)/'ﬁr
I T T T I T T
s =15+3
| T | Ml—rﬁl L |
-4 -2 0 2 4
("Cl_'lcmean)/g
T | T I T T
= |=15+2
| T o W = . |
-4 2 0 4
("Cl_pcmean)/g
| I 1 I
|=15+1
. ——'_'—r_f
-4 2 0 2 4

stribution of BiPS

Obtained from
measurements of
1000 simulated ST
CMB maps.

Can compute a

Bayesian probability
of map being SI for
each BiPS multipole

(Given theory Cl)



Probability of a Map being SI

0.5 T I I
[ ] ILC
[ 1 Tegmark's
LAaL - il
Bayesian
0.4+ ] op e
probability

035

0.3

+ Low pass Gaussian
e filter at /= 40
%u&— .

D2k
016+

01

005+

2 4 & g 10 12 14 18 18 20



Probability of a Map being SI

0.7 ! ! ! ! ! ! ! ! I

[ ] ILC
[ 1] Tegmark's

o8] : Bayesian

_ probability
BiPS imply

WMAP is Statistically
i I Isotropic |




What does the null
BiPS meaurement of
CMB maps imply



Sources of Statistical Anisotropy

 Ultra large scale structure and cosmic topology.
* Anisotropic cosmology

ot PI‘iIIlOI'dial magnetic ﬁeldS (based on Durrer et al. 98, Chen et al. 04)

e Observational artifacts:
— Anisotropic noise
— Non-circular beam
— Incomplete/unequal sky coverage
— Residuals from foreground removal



Anisotropic Noise

*  Simplest case:

£t 2'
C;j =0 lé‘ij

W



Anisotropic Noise

* Simplest case:

s
C, =070,




Effect of the Mask

(AH, Souradeep astro-ph/0501001)
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Wiener Filtered Map
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Foregrounds
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Simple Torus
(Euclidean)

Eg.., Zeldovich & Starobinsky 15

Cosmic topology

Multiply connected universe ?

‘ﬂ‘:%'ﬁiiiiﬁi‘ﬁaﬁ‘ °

'W‘i’f%‘ﬁ MC“spherlcal sgace

Iﬁg‘ﬂ-;%@%‘.},,{f’? ’ (“soccer ball”)
==\ b

e -

Tl
‘ "
g

Compact hyperbolic

space
Eg., Gott '70, Cornish et al.

1996, Linde '04



Simple Torus
(Euclidean)

BiPS = Spectroscopy of
191

Cosmic topology e« « «

Pl P W e = o
T, Ty i -V
‘. S o

7

MC spherical space

Compact hyperbolic space



BiPS signature of a “soccer ball” universe
(Hajian, Pogosyan, TS, Contaldi, Bond :in progress.)

8 I I I I I I
Il 0.0001

7r _

| TIdeal, noise free
maps predictions




BiPS signature of a “soccer ball” universe

(Hayjian, Pogosyan, TS, Contaldi, Bond : in progress.)

3.5

“l Ideal, noise free |
K Al maps predictions
1.56F _
1+ _
05 —
. . . mm mm
§] 2 4 g g 10 12 14 18 18 20




Measured BiPS for a “soccer ball” universe

(Hajian, Pogosyan, TS, Contaldi, Bond : in progress.)

25 | . l . _

j 1000 simulated full sky -

! maps with WMAP noise -

K : [
/ |

1.0 i .
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BiPS signature of Flat Torus spaces
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Symmetry requirements for even BiPS:
Group-theoretic

1. 2n-fold symmeftry

There should exist at least on

characterized by 7 such that

R;(m)y =yR;(7) VyeT




Symmetry requirements for even BiPS:
Group-theoretic

2. Symmetry under reflection

Let X and ¥'be images of each other for the
same plane. Then

{d(x,pX)} ={d(Z,pX)} Yy T



Which spaces satisfy 1 &2 ?

v Flat compact spaces

v' Single-action spherical compact spaces

X No hyperbolic compact spaces

Discussion with Jeff Weeks, in progress




Is there a hidden pattern?

< WMAP first year
data

Rotating

\ /4 Universe
. i

Template

Subtraction of
above two
maps

—300 K n— o +300uK

Jaffe et al. 2005



Bianchi CMB Map & Power spectrum

mapa_w{.5_x0.55 fits: X0 36409

111111

Template of a rotating universe
looking along the axis of rotation.



map_hpix_seedSe-3.fits. X0

5e+08

o=0.005
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5e+07

BiPS of Bianchi plus random map
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-5e+07

20



BiPS of Bianchi plus random map

eadd. fits: X0
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BiPS of Bianchi plus random map

map_ledm_bf_model_yrl_v1_hpix32 seed®4 Imax85.Mits: TEMPERATURE

N *4 T 1.2e+06 ; . - : . - . :
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800000 | 3
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Target specific /-space with different windows

*Maps can be filtered by isotropic window to retain power on certain

angular scales
i ; alm — VVI alm




Null B1PS Probability for Bianchi VIIh ( ©=0.5)
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Null BiPS Probability for Bianchi VIIh ( 0=0.5)

5
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P(x")

04 L

4t

0.01

Band pass filten
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Null B1PS Probability for Bianchi VIIh ( ©=0.99)

10 T T T |

Wil

I 032 F (3.95e-10 32)

a s=d =18
Bt (4 45€-10 1) g e e

[
0.01 | Band pass filter > (4.71e-10.01) : :
P ¥ Gaussian filter

0.001

0.000M ' : : '
2.85e-10 3.78e-10 4 95e-1(b.85e-10

(c/H)y —»



Null B1PS Probability for Bianchi VIIh ( ©=0.99)

10 T T T |

Wil

I 032 F (3.95e-10 32)

a s=d =18
Bt (4 45€-10 1) g e e

[
0.01 | Band pass filter > (4.71e-10.01) : :
P ¥ Gaussian filter

0.001

0.000M ' : : '
2.85e-10 3.78e-10 4 95e-1(b.85e-10

(c/H)y —»



Null B1PS Probability for Bianchi VIIh ( ©=0.99)
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Summary
* Propose B1PS as a generic measure for detecting

and quantifying Statistical 1sotropy violations.

= BiPS is insensitive to the overall orientation of SI breakdown (e.g.,
orientation of preferred axes). Hence constraints are not orientation

specific.
=» Computationally fast method

* Null results on some WMAP full sky maps.

=> SI improves for a theory that predicts low power on low multipoles.
e Spectroscopy of cosmic topology..
=>» Bi1PS constrains Dodecahedron universe strongly.
» Constrain anisotropic cosmological models
=» BianchiVIIh claim (Jaffe et al. 2005), (6/H), <2.5%10-1° (99%CL)
» Diagnostic tool for observational artifacts in CMB maps

* BipoSH & BiPS of CMB Polarization maps ?




Statistical Isotropy of CMB Anisotropy

WMAP CMB anisotropy map WMAP Angular power spectrum
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Thank you !l



Testing maps for observational
artifacts:

Anisotropic noise
Non-circular beam
Incomplete/unequal sky coverage

Residuals from foreground removal



Testing Statistical Isotropy of WMAP
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Probability of a Map being SI
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Statistical Isotropy of WMAP
Probability depend on the ‘true’ model

WMAP best fit theory spectrum
over-predicts power on low multipoles
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Statistical Isotropy of WMAP
Probability depend on the ‘true’ model

WMAP maps are SI if the model fits the
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Statistical Isotropy of WMAP
Probability depend on the ‘true’ model

WMAP best fit theory spectrum
over-predicts power on low multipoles
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LOG10(P(K))

Recovering the primordial power spectrum
(Shafeiloo & Souradeep )

Primordial power spectrum
| from Early universe can
deconvolved from CMB

| anisotropyspectrum

=[5 PHRG

Improved Error sensitive
iterative Richardson-Lucy
deconvolution method

-2 -4.5 -4 -3.9 -3 -2.5 -2 -1.5 # 0.5
LOG10(K)

Recovered spectrum shows an infra-red cut-off on Horizon scale !!!

Is it cosmic topology ? Signature of pre-inflationary phase ? Trans-Planckian physics ? ....




Angular power spectrum from the recovered P(k)
(Shafieloo & Souradeep 2003)
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Testing Statistical Isotropy of WMAP
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Testing Statistical Isotropy of WMAP
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Ultra Large scale structure of the universe

Hine




B1PS of Primordial Magnetic Fields
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B1PS of Primordial Magnetic Fields
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Hajian, Chen, Souradeep, Kahniashvili, Ratra: in progress
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