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1. Introduction - -

® Precision Cosmology - Observational side -

Thanks to recent advances in observational technologies,
We can determine, or constrain possible models / theories of the early universe.

« the first year WMAP data (2003)

e The universe is flat.

‘ e The spectrum of the primordial perturbation is
almost scale-invariant.

......... and more l

Standard Inflation - Big Bang model is supported.
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1. Introduction - -

® Precision Cosmology - Observational side -

Thanks to recent advances in observational technologies,
We can determine, or constrain possible models / theories of the early universe.

« the first year WMAP data (2003)

e The universe. is flat

‘@ectrum of the primordial per@ is

ost scaie-invariarit.

and more l

Standard Inflation - Big Bang model is supported.

Very useful tool to test various models of inflation

‘ We need the theoretical prediction for the spectrum of curvature perturbations !




1. Introduction - -

®Particle Cosmology - Theoretical side -

SUSY / string theories ===> Many scalar fields (dilaton, moduli, ...... )

— \/arious models of multi-component inflation are proposed.

It is important to extend the formula for the spectrum of the curvature perturbations

to multi-component inflation. Pr (k) = k—;‘RC




1. Introduction - -

®Particle Cosmology - Theoretical side -
SUSY / string theories ===> Many scalar fields (dilaton, moduli, ...... )
— \/arious models of multi-component inflation are proposed.

It is important to extend the formula for the spectrum of the curvature perturbations

to multi-component inflation. Pr (k) = 215_;‘736‘2

<-However, for multi-component inflation,
the formulation is more complicated in comparison with single-component.

In the D-component scalar field inflation,
the perturbation equations are D coupled second order differential equations.

{%22 + A(t)E+ B(t) + kQ} 0" = Cy(t)o¢"

It is a heavy task to solve the full set of these perturbation equations‘
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2 Wronskian Formalism - -

e

® Basic idea

oWhat we need is only the final value of the curvature perturbation on comoving hypersurfaces,

Rcﬁn, on the super-horizon scales.

+We do not need to know the evolution of all components of the multi-component field.

olf we can identify the part of the perturbations that contributes to Rcﬁn,

we may solve only that part without solving the full set of perturbation equations.

II‘ We propose a formulation which is obtained with use of a Wronskian.
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2 Wronskian Formalism - -

e

® Basic equations - D-component scalar field -

-------

3H2 = 3( ’/Va,) _¢/2 + a2v(¢) ........ / _ d/dn
‘conformal time
gba// -+ Qqua’ + a2v¢a =0 V¢a 8V/3¢a
eperturbations 7

We define a gauge invariant variable; 5¢ 5¢a QW

scalar field perturbation

iy




2 Wronskian Formalism - -

® Basic equations - D-component scalar field -

ebackground equations... e

3H? = 3(dfa)? = 3¢ + a*V(¢) "= d/d; |
~*"conformal time
"'+ 2HG" + Vg0 = 0 Vo = 0V/09"
eperturbations .....
We define a gauge invariant variable; 5¢a = 00" — o
.................................. A S H intrinsic curvature perturbation
the scalar field perturbation on the flat slicing scalar field perturbation
The evolution equation for 6" is given b @ = “
q ¢ is given by ¢ adg’.
L
9 9 , 9 1 (a2emer\! VI S
(@~ 06 70+ 9} = (B - ave J ] o
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2 Wronskian Formalism - -

S

® Wronskian

The equation, (#) is an equation which formally takes the form of

{@E+ Q) + K L' = Py(n)e’ -

We introduce a Wronskian as

W(p,n)=p:n'—¢' n PN = Sapp

.
.
''''''
""""""
'''''
oooooooooooooooo

which has the property;
W(p,n) = const.

if Q, 1 are solutions of the perturbation equation, (##) .
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® Defining the boundary conditions

£O°

‘ phase space
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2 Wronskian Formalism - -

At7) > Ncon ,

R. >~ const.
on super-horizon scales.

R

For multi-component field,

H
a¢/2¢/ R

In comoving gauge,

& 5 =0

«——

By defining Nn%so that it satisfies

the boundary conditions at 7} = 7)con ; “l-» At 1) = 7con , the Wronskian agree with

dn?@
dn

H /
:_W¢a7 na’:O

W(p,n) = Re(Neon) = 720ﬁn
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2 Wronskian Formalism - -

S

® The advantage of this formulation

¢ W(g&, n) = const. ——» This Wronskian can be evaluated at any time.

Aphysical scale

>Ina
Tcon
< > <€
Inflation
- scalar filed-dominated -

radiation-dominated

P S
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2 Wronskian Formalism - -

® The advantage of this formulation

¢ W(g&, n) = const. ——» This Wronskian can be evaluated at any time.

Once na is solved backward in ti.r.ne
with the boundary conditions, e,

we don’t need to solve Sﬁa in the forward direction!
a

. S@ <+—>» To solve all 2D independent modes

>Ina

a ncon
e Tl <«— Tosolve a single mode !! < > <€
Inflation
- scalar filed-dominated -

radiation-dominated

< This formulation is a powerful tool for the models with extradimensions. (D — 00) a

- ( Ref. Kobayashi and Tanaka (2005))



3. Extended general

slow-roll formula S
® Long wavelength approximation phy;\ical scale

e \We still need to solve na backward for each ]{jz .

I'l it

long wavelength approximation (Leach, et al. (2001))

® General slow-roll approximation

e Long wavelength approx. does not hold
when the wavelength becomes shorter than horizon scales.

. |

general slow-roll approximation |(Stewart (2002))4-"':

By using these approximations, we can evaluate a
the evolution of mode function to a large extent to analytically.




3. Extended general
- slow-roll formula

® Matching two approximations physical scale

m We think of matching these two approx.
at an appropriate time 7) — 7).

The mode is already well outside the horizon scale
but the general slow-roll approx. still hold at this time.

m However, the matching doesn’t seem to be so trivial.

1 77* 7§7con >lna

m \We consider the matching by using the constancy of the Wronskian.

W(p,n) = const.
= | W(p,n)(n.) = R,
W(Spa n) — RC(”COH) ~ R ( )( ) f

Cfin

m If we know both ¢ andn” at’) = 1«
what we need to do is simply to compute the Wronskian, 1}/ there.
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3. Extended general
- slow-roll formula

® To obtain ¥“ and n at N = Nk, physical scale

n%: in the backward direction by using long wavelength approx.

©": in the forward direction by using general slow-roll approx.

ona

e In long wavelength approx., we can find solution for n

in the series expansion with respect to kz as

n% — na(O) + 5na(1) e 5na(q) 4.

q .
We also introduce | n®4) = n0) 13~ §pald),
i=1

{(G+ Qo) + #2)3% — Py pn"? = Kon”
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3. Extended general

slow-roll formula

e In the general slow-roll approx., we consider that P} is small.
d \2 2 a __ /Da b
{@)? + Q) + K} =@ (" -

. . . a
In an expansion with respect to P, , we can write ¥ as

gpa:gpo+A¢1+..‘+A¢p+..‘ ASOCL
-~

We also introduce

p

{(&+ Q) + #2)8% — Py} vy = — PhAg,

The first order correction is obtained as

- O(p)

- —P

Ap(n) =

H(n) =

() | S, dnf Py Yeh (Y o (o) = woln' e (m)
W(an ug) ', (WJF Q(n) + kQ)Uo =0

P,



3. Extended general
slow-roll formula

® Results ~ Power Spectrum ~
To the first order in P and to the g-th order in kQ, <‘R0ﬁn‘2> be evaluated as

(R )0 =

B2+ 441 [ dn’{ (1mfu? (7)®] - P(n')Re[u (') ®])

Cfin

(q)

= 0(n — i) (Im[uz(n’)@] - P(n’)Re[u;(n’)@]) }

P = {W(UO,H)J n, 0= n'

18



3. Extended general
slow-roll formula

® Results Power Spectrum
, : : 2 R 2
To the first order in P and to the g-th order in k : <‘ Cﬁn| > be evaluated as

(| Rl 2)

Cfin

¢ = (U’O? II)J m

ooooooooooooooooooooooooooo

the zero-th order in :ZCQ and P first order correction in P

< The extension to the higher order in P is rather straight forward in our formulation. a
S



4. Summary

® \We have proposed a new formulation for systematic derivation of formulas
for the spectrum of curvature perturbation from multi-component inflation.

e \We proposed the formulation using the Wronskian which is constant in time.

Using this formulation, we can evaluate the final value of curvature perturbations
without solving the full set of perturbation equations.

e As an example to show the efficiency of this new approach,
we have shown an extended general slow-roll formula.
In this formula, we took into account the merit of the long wavelength approximation.

o

In the past work (ex. Stewart(2002), Cho et al. (2004)),
the general slow-roll conditions are assumed to be satisfied until the time when inflation ends,

while here it is assumed to be so until the time shortly after the horizon crossing time.
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